Abstract. In this paper q-extensions of Genocchi numbers are defined and several properties of these numbers are presented. Properties of q-Genocchi numbers and polynomials are used to construct q-extensions of p-adic measures which yield to obtain p-adic interpolation functions for q-Genocchi numbers. As an application, general systems of congruences, including Kummer-type congruences for q-Genocchi numbers are proved.
Introduction
The Genocchi numbers G n may be defined by the generating function G n t n n! , (|t| < π).
It satisfies G 1 = 1, G 3 = G 5 = G 7 = · · · = 0, and even coefficients are given by (2) G n = 2 (1 − 2 n ) B n = 2nE 2n−1 (0), where B n are Bernoulli numbers and E n (x) are Euler polynomials. The Bernoulli numbers are defined by
B n t n n! , (|t| < 2π), which can be written symbolically as e Bt = t e t −1 , interpreted to mean that B n must be replaced by B n when we expand on the left. This relation can also be written e (B+1)t − e Bt = 1, or, if we equate powers of t, B n x + j m .
One of the most important theorem relating to Bernoulli numbers is the Staudt-Clausen Theorem: What Theorem 1 tells us is equivalent to if m ≥ 1, then the denominator of B 2m (in lowest terms) is exactly the product of those primes p for which p − 1 divides 2m.
It follows from (2) and the Staudt-Clausen Theorem that the Genocchi numbers are integers.
The Euler polynomials E n (x) may be defined by the generating function (3) 2e
From (3) and (1) we deduce that
For real x, the Genocchi polynomials G n (x) can be defined as follows:
Note that G n (0) = G n , and
For an odd positive integer m, the multiplication theorem for the Genocchi polynomials can be stated as
which follows from (4).
In [1] and [2] Carlitz defined a set of numbers η n = η n (q) inductively by
with the usual convention about replacing η i by η i . These numbers are q-extensions of the ordinary Bernoulli numbers B n , but they do not remain finite when q = 1. So he modified the definition as
These numbers were called the q-Bernoulli numbers, which reduce to B n when q = 1. Defining q-Bernoulli polynomials, he also proved properties generalizing those satisfied by B n and B n (x). In [19] , Koblitz used these properties, especially the distribution relation for q-Bernoulli polynomials, to construct q-extension of p-adic L-functions which interpolate the q-Bernoulli numbers. By Koblitz's suggestion, q-analogues of the Dirichlet L-series were constructed by Satoh [20] . The series were essentially defined as a sum of two q-series, what causes difficulty in studying these series. In [10] , Kim gave explicit formulas of p-adic q-Lfunctions which interpolate generalized q-Bernoulli numbers attached to a primitive Dirichlet character χ. The remarkable relation between Bernoulli and Genocchi numbers (2) represents a method to define q-Genocchi numbers in connection with q-Bernoulli numbers. In [17] , Kim et al. defined q-Genocchi numbers and q-zeta functions which interpolated q-Genocchi numbers at nonpositive integers, with the help of this relation. Han and Zeng treated a q-analogue of the median Genocchi numbers and discussed their relations to some polynomials and ordinary Genocchi numbers, including some continued fraction expansions, in [5] . In [6] Han et al. gave a new q-analogue of Euler numbers, and unlike the generating functions of the previous q-analogues of these numbers (e.g., G. E. Andrews, I. Gessel, Proc. Amer. Math. Soc. 68(1978) , no. 3, 380-384; and G. E. Andrews, D. Foata, European J. Combin. 1(1980) , no. 4, 183-287), the generating functions for these new analogues had elegant continued fraction expansions. They also gave combinatorial interpretations of their q-Euler numbers and explained the relation to ordinary Genocchi numbers.
In this paper we give another construction of q-Genocchi numbers using the methods appear in Kim's recent papers [11] , [12] , [14] and [15] . We prove several properties for q-Genocchi numbers, and using these properties we define q-extensions of p-adic measures which enables us to obtain p-adic interpolation function for q-Genocchi numbers. Furthermore we give some applications of this p-adic interpolation function, in particular, we obtain general systems of congruences, including Kummer-type congruences for q-Genocchi numbers, following the approach in Young's papers [21] and [22] .
Construction of q-extensions of Genocchi numbers
Throughout this paper p will denote an odd prime number, Z p the ring of p-adic integers, Q p the field of p-adic numbers, C the field of complex numbers and C p the p-adic completion of the algebraic closure of Q p , as usual. If K is a finite extension of Q p , then D K will denote its ring of integers and D × K will denote the multiplicative group of units in D K . When talking about q-extensions, q can be variously considered as an indeterminate, a complex number q ∈ C or a p-adic number q ∈ C p . If q ∈ C we assume that |q| < 1. If q ∈ C p , it will be assumed that |1−q|
where log p : C × p → C p is the Iwasawa p-adic logarithm, the unique function which is given by the usual series (−1) n+1 (x − 1) n /n when |x − 1| p < 1; satisfies log p (xy) =log p x+log p y and normalized by the condition log p p = 0 (see [8] ).
We use the notation
for any x in the complex case and any x with |x| p ≤ 1 in the p-adic case. The Teichmüller character w on Z × p is defined by setting w(x) be the unique (p − 1)th root of unity congruent to x modulo pZ p .
In the complex case, we denote the generating function of q-Genocchi
where q is a complex number with |q| < 1. The remarkable point is that the series on the right of (6) is uniformly convergent in the wider sense. Hence, expanding e t and comparing the powers of t, we have
We also have
where β k (q) are q-analogues of Bernoulli numbers defined by the generating function
for |t| < 1 (for additional information about generating functions of qBernoulli numbers see, for example, [4] , [13] , [18] , [20] ). Equating powers of t we obtain
which is the q-analogue of (2).
Using (8) we can determine q-Genocchi numbers explicitly. For example, the first few q-Genocchi numbers are
.
For the limiting case q = 1, we obtain the ordinary Genocchi numbers G k .
For s ∈ C with Re(s) > 1, we define
Note that ζ 
Proof. It is clear by (7) .
Remark 3. The main motivation of this paper originates from the limiting case q = 1 in (9). This yields the formula
from which the ordinary Genocchi numbers appear as residue of the integral. Thus defining
we have
(see [9] ). Therefore q-Genocchi numbers are the q-analogues of the values of ζ G (s) at non-positive integers.
For positive integer k, we define q-Genocchi polynomials G k (q, x) as
The generating function of q-Genocchi polynomials is then
From (11) it follows that
and
For a primitive Dirichlet character χ of conductor an odd natural number f , we define the generalized q-Genocchi numbers attached to χ as
We conclude this section with the following lemma which is important for the construction of the p-adic q-Genocchi measures.
Lemma 4. (q-distribution relation) For any positive odd integer m,
we have (13) [m]
Proof.
Comparing the coefficients of t k /k! yields the stated result.
Remark 5. Writing x = 0 in (13), we get
Then using (10), we obtain (14) is the q-analogue of the recurrence formula for ordinary Genocchi numbers presented by Howard [7] .
q-Genocchi measures
For a positive odd integer f , let
If f is a function on Z p , we also use f to denote the function f • π on X. 
We now define q-Genocchi measures.
Definition 7. For k ≥ 0 and n ≥ 0,
Note that if k = 1 then
Using Lemma 4 and the relation [f
We can express the q-Genocchi numbers as an integral over X, by using the measure g k q . Lemma 9. For any k ≥ 0, we have
Finally we give a relation between g k q and g q .
Lemma 10. For any k ≥ 0 we have
Proof. By (10) we have
Therefore we obtain
Interpolation function and congruences for q-Genocchi numbers
In this section, using the integral representation of q-Genocchi numbers in the foregoing section, we define a q-l-series which interpolates q-Genocchi numbers at non-positive integers. As an application of this representation we prove general systems of congruences for q-Genocchi numbers, including Kummer-type congruences.
Let w be the Teichmüller character modp. For x ∈ X * , we set
Fix an embedding of the algebraic closure of Q, Q into C p . We may then consider the values of Dirichlet character χ as lying in C p . For n ∈ Z we define the product χ n = χw −n in the sense of the product of characters. This implies that f (χ n ) |f (χ) p. However, since we can write χ = χ n w n , we also have f (χ) |f (χn) p. Thus f (χ) and f (χn) differ by a factor that is a power of p. In fact, either f (χ n ) /f (χ) ∈ Z and divides p, or f (χ) /f (χ n ) ∈ Z and divides p.
We define an interpolation function for q-Genocchi numbers as follows:
The values of this function at non-positive integers are given by:
where we use Lemma 10,
and Lemma 9.
We now give general systems of congruences for q-Genocchi numbers. Proof. From Lemma 9 for a primitive character χ we have
The function T gq (s, i) defined for s ∈ Z p by
is the p-adic q-Γ-transform of the measure w i−1 g q . Furthermore when n is a nonnegative integer, n ≥ 1, with n ≡ i(mod(p − 1)), we have
In [11] he defined the p-adic q-integrals as
that is, µ q (x) defined by
The q-Genocchi numbers then can be defined as
In [16] he considered q-numbers by using q-Volkenborn integral as follows:
for positive integer k. From this it can be noted that
which is similar to (8) .
